The semi-classical heuristic emission formula of Baier-Katkov [Sov. Phys. JETP 26, 854 (1968)] is wellknown to describe radiation of an ultrarelativistic electron in strong external fields employing the electron's classical trajectory. To find the limitations of the Baier-Katkov approach, we investigate electron radiation in a strong rotating electric field quantum mechanically using the Wentzel-Kramers-Brillouin approximation. Except for an ultrarelativistic velocity, it is shown that an additional condition is required in order to recover the widely used semi-classical result. A violation of this condition leads to two consequences. First, it gives rise to qualitative discrepancy in harmonic spectra between the two approaches. Second, the quantum harmonic spectra are determined not only by the classical trajectory but also by the dispersion relation of the effective photons of the external field.
The semi-classical heuristic emission formula of Baier-Katkov [Sov. Phys. JETP 26, 854 (1968) ] is wellknown to describe radiation of an ultrarelativistic electron in strong external fields employing the electron's classical trajectory. To find the limitations of the Baier-Katkov approach, we investigate electron radiation in a strong rotating electric field quantum mechanically using the Wentzel-Kramers-Brillouin approximation. Except for an ultrarelativistic velocity, it is shown that an additional condition is required in order to recover the widely used semi-classical result. A violation of this condition leads to two consequences. First, it gives rise to qualitative discrepancy in harmonic spectra between the two approaches. Second, the quantum harmonic spectra are determined not only by the classical trajectory but also by the dispersion relation of the effective photons of the external field.
In recent years the achievable intensities of both optical [1] [2] [3] and x-ray [4, 5] lasers are rapidly rising and a plethora of unexplored physical phenomena are expected to come within reach [6] [7] [8] [9] [10] [11] [12] [13] [14] . The fundamental theory describing these phenomena is strong-field QED. The strong field regime is characterized by a large nonlinearity parameter ξ 1 [15] , with ξ ≡ ea/m = 7.5 I L /(10 20 W/cm 2 )/ω [(eV))], where −e and m are the electron charge and mass, respectively, a is the amplitude of the laser vector potential A µ and I L , ω are the laser intensity and frequency, respectively. Relativistic units = c = 1 are used throughout.
The Furry picture is commonly employed in strong field QED, when the strong electromagnetic field is considered as a classical field and is included in the free part of the Lagrangian [16] . As a consequence, the free particles in the standard QED perturbation theory are replaced with particles experiencing the external field. The rates of the scattering processes of electrons, positrons and photons in the presence of a laser field calculated in this framework [15, [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] depend upon ξ, as well as on the quantum parameter χ ≡ e m 3 −(F µν P ν ) 2 , where P ν is the kinetic momentum and F µν = ∂ µ A ν − ∂ ν A µ the field tensor.
Especially successful is this formalism for field configurations which admit exact analytical solution for the electron wave function: plane wave (PW) [29] , static electric field [30] , static magnetic field [31, 32] , and PW combined with a static magnetic field [33] . A real experiment, however, may involve complex field configurations, especially in plasma environment. A possible way to overcome this obstacle is to rely on the semi-classical (SC) method, introduced by Baier and Katkov [34, 35] . It allows one to calculate the emission quantum mechanical rate, including photon recoil effects, in general field configuration, given that the particle motion is quasiclassical and ultrarelativisitic. This method does not require the particle wave function, but only its classical trajectory in the given field configuration. In the ultrastrong field limit ξ 1, a more simple Constant Crossed Field (CCF) approach is applicable [18, [36] [37] [38] . Recently, an approximation treating an ultrarelativistic electron interacting with a tightly focused laser beam has been proposed [39] and used for calculation the rates of QED processes in such fields [40] [41] [42] . Given the increasingly extreme and complex scenarios being explored with further rising laser intensities and frequencies, there is urgent need to investigate the limitation of the SC approximation.
A relatively simple but not exactly solvable field configuration is the rotating electric field (REF), whose associated wave function was excessively studied [43] [44] [45] [46] [47] [48] . Its physical significance stems from the fact that it describes a particle in the anti-node of a standing laser wave as well as a particle in a plasma wave (in a frame that moves with the wave group velocity). Recently, quantum calculations of the emitted radiation in this configuration have been carried out [49, 50] , using different approximations for the wave function.
In the present letter the quantum radiation emitted by a particle in a REF is calculated using the Wentzel-KramersBrillouin (WKB) method, which is more accurate than the approaches employed so far for this scenario. The full quantum calculation of the radiation spectra is used as a benchmark for the SC approach. We demonstrate that a further condition is required except for an ultrarelativisitc motion: the γ-factor of the particle should be much larger than the non-linearity parameter ξ. As a test case, a particle moving in a circle in REF is studied. As the latter takes place when the initial momentum of the electron is vanishing, the condition γ ξ is violated, and the WKB and SC approaches yield different emission spectra. According to both models, the spectrum takes the form of discrete harmonics, but with qualitatively different harmonic structure (although, with the same harmonicaveraged spectrum). Moreover, the WKB model predicts a cutoff in the number of absorbed photons, while the SC model shows a semi-continuum in the high energy tail of the spectrum. As the circle-like electron's trajectory is also possible for a particle counterpropagating a PW laser with a certain initial momentum, we compare our emission spectrum to the latter case as well. For the PW (at ξ 1), a continuous spectrum, coinciding with the CCF result, is predicted in contrast to the discrete spectrum in REF. The We calculate the radiation emitted by an electron in a REF using the WKB approximation for the wave function. For the sake of simplicity, the spin effect is neglected and thus the electron wave function is described by the Klein-Gordon equation, which is justified as long as χ 1 [15] . The vector potential of REF is given by In the following the leading order WKB approximation is employed [51, 52] . Namely the wave function reads Φ =
e iS where S (t) = t −∞ Hdt − p · x is the classical action, a bold letter designates a 3-vector and H = m 2 + P 2 is the Hamiltonian. The kinetic momentum is related to the initial one by P = p − eA. The photon emission amplitude in the Furry picture reads [53] :
where the proportion factor appears in [53] , k and p are the momenta of the outgoing photon and electron, respectively, and the following definition was used
dt H(t ). Due to momentum conservation p = p−k , the time dependent momentum of the outgoing electron may be written as P (t) = P(t) − k . It allows us to write H (t) in terms of p, k , namely
The key approximation required in order to recover SC is:
As a result, one may Taylor expand H (t). Substituting it in the expression for ψ, the first and second terms cancel out and one obtains exactly the phase of the time-integrand in the Baier-Katkov expression [34, 35] 
where the 4-momentum and energy are related by the 4-velocity v µ , P µ = Hv µ . The tilde symbol designates the SC approximation. In order to carry out the time integration over H, required to obtain (3), a further assumption was made. Namely, the factor H/(H − ω ) was regarded as a constant. In addition, in order to recover the SC prefactor of the transition amplitude for a scalar particle, the H appearing in the denominator of (1) should be equal to H − ω . These two requirements imply that H should be approximately constant. Since generally speaking, the Hamiltonian is oscillating in time, we formulate this condition as
where ∆H is the deviation of H from the cycle average value H av .
Having obtained the mathematical requirements for the equivalence between the two approaches, let us discuss the physical conditions for which they are satisfied. First, notice that in the classical limit (ω H) Eqs. (2) and (4) are both satisfied and the classical emission formula is recovered. From now on the quantum case is considered, namely ω is smaller than H but of the same order of magnitude. Second, let us take a close look at the nominator of (2), taking the form k · P(t) = ω H(1 − cos θ e ) where θ e is the angle between k and v. Since ω H and the denominator are of the same order of magnitude, it is clear that Ξ 1 1 is obtained only at θ e 1, when k · P(t) ≈ Baier and Katkov [34] argued that for ultrarelativistic particles (γ = H/m 1) the main contribution to the emission originates from the part of the trajectory where θ e < 1/γ. Hence, on the radiation formation region Ξ 1 1 and H may be regarded as constant, and the conditions of Eqs. (2), (4) are fulfilled. We argue, however, that even though the main contribution originates from this part of the trajectory, Eqs. (2), (4) should hold on the entire cycle. The reason is that in a periodic motion, the transition amplitude contains a series of sequential contributions which interfere with each other generating the harmonic structure. In order to reproduce the correct phase between these contributions, ψ should be valid through the entire cycle and not only on the emission regions. The condition corresponding to this requirement may be derived as follows. The particle's trajectory lies within a cone with angle ∼ ξ/γ. Since, as established above, the emission angle is ∼ 1/γ, the wave vector of the emitted photon k is restricted by a cone whose angle is (1 + ξ)/γ. Accordingly, θ e (1 + ξ)/γ and one may deduce that
On the other hand, the relative deviation of the energy is Ξ 2 ≈ O(∆H/H av ) ≈ O(ξ/γ). As a result, the required conditions Eqs. (2), (4) are satisfied for γ 1 + ξ, which is more restrictive as compared to the common SC condition (γ 1).
Let us calculate the intensity emitted by an electron in a REF with vanishing initial momentum (p = 0) corresponding to a circular classical trajectory. This initial condition is chosen for the following reasons. First, the simple classical motion allows for analytical expressions. Second, in this case γ = ξ 1, so that the original Baier-Katkov condition is fulfilled, but our new restrictive one discussed above is not. In this way, our argument could be put to a test. Thirdly, a circular trajectory corresponds as well to an electron interacting with PW in the case of a certain initial momentum choice [53] . As a consequence, we may compare the emission predicted by the full quantum calculation for two different field configurations sharing the same classical trajectory. Due to the periodicity, one may decompose the phase into ψ = ψ p + ψ np ωt, where
ψ(t )dt are the periodic and non-periodic parts correspondingly and T is the period of the motion. Consequently, Eq. (1) may be written as a series of delta function a s-photon process is given by
where p ≡ |p |, and θ, ϕ are the axial and azimuthal of the emitted photon. Comparing (1) and (5), one may observe that
Integrating over the outgoing electron momentum and the scattered photon energy and azimuthal angle, one arrives at the emission intensity
Averaging the phase ψ over a cycle, ψ np is obtained, allowing us to write down Ω s explicitly
where H = m 1 + ξ 2 , and [52] . E 2 (µ) is the complete elliptical integral of the second kind, µ ≡ 4mξω sin θ/G, and G ≡ ω 2 + m 2 1 + ξ 2 + 2ω mξ sin θ. Accordingly, the derivative of Ω s , appearing in (7), may be evaluated analytically. In order to find ω s , Eq. (7) is solved numerically.
The formalism outlined above applies for the SC case as well. The difference lies in the different phase ψ → ψ and therefore Ω s → Ω s . Since the classical trajectory is given by x(t) = ξ ω √ 1+ξ 2 sin(ωt)x − cos(ωt)ŷ , ψ takes an analytical form. Averaging it to obtain the non-periodic part, one may find
As a result, the relation between the number of absorbed photons and the emitted photon energy reads ω s = sωH/(sω + H). A similar expression is obtained for the PW case [53] .
From the derivation of the emission intensity above we can come to several conclusions. We may consider the low and high energy limits. One may see that for ω /H 1, we have H ≈ H av so that Ω s ≈ Ω s ≈ sω − ω , i.e., in the classical limit the harmonics are simply multiples of the REF frequency. On the other hand, the high energy spectrum exhibits qualitatively different behavior. The quantum model predicts a cutoff for the number of absorbed photons, whereas according to the SC approach s tends, in principle, to infinity. A crude estimation to this cutoff may be obtained as follows. The high energy tail of the spectrum corresponds to ω → H. Consequently, Ω s approximately reduces to s c ω ≈ H av . In this limit µ → 1, so that H av = 4mξE 2 (1)/π. Since E 2 (1) = 1, the cutoff may be estimated as
The dimensionless parameter s c determines the maximal number of absorbed photons for the REF configuration. For the SC and PW cases, on the other hand, the emission probability indeed decays for ω → H, but such a restriction on s does not exist, giving rise to the emergence of a semi-continuum. Further, a close look reveals that a relation between the matrix elements corresponding to the two approaches may be established. As explained above, the difference between T , T originates from the interference between different cycles. The matrix element integration, however, is limited to a single cycle and a single saddle point contributing to the emission. Accordingly, the amplitudes of the two methods are sampling of the same function, where the difference arises from the different sampling frequency, namely the harmonics ω s , ω s respectively [53] :
Finally, one may deduce from Eq. (8) that the SC harmonics have no angular dependence, since Ω s bears no angular dependence. Consequently, after integration over the angular distribution, the width of the harmonics is still vanishing. For the WKB method, however, H av is angle dependent. In the case examined numerically below, however, it is explicitly shown that the width after angle integration is much smaller as compared to the spacing between neighboring harmonics, so that they may be regarded as discrete as well.
In the following, the emission properties are calculated numerically via the quantum WKB and SC methods for the REF configuration, as well as compared with the well-known PW result. The non-linear parameter is ξ = 10 and the electron initial momentum is p = 0. Two cases were considered, corresponding to different values of the quantum parameter χ = ξ 2 (ω/m). The higher the χ, the larger the discrepancy between WKB and SC. The case of χ = 0.5, presented in Fig. 1(e,d,f) , illustrates the expected effect in the spectral distribution. It may be realized with ω = 2.55keV, corresponding to a XFEL laser with an intensity of about I L ≈ 10 27 W/cm 2 . Smaller but still visible effect can be obtained, as shown in Fig. 1(a,b,c) , even by using less demanding conditions ω = 100eV, χ = 0.02, I L ≈ 10 24 W/cm 2 . These intensities lay above present day achievable intensity [4, 5, 54] . Nevertheless, improvements of the focusing technique to approach the diffraction limit may allow for such intensities in the future [55] . Fig. 1(a,d) show the relation between the number of absorbed laser photons s and the emitted photon energy ω s for the lower and higher intensity respectively. The PW and SC predictions are identical, as also shown analytically in [53] . For small values of the emitted photon energy, the SC and WKB curves coincide, as explained above. The deviation occurs near the high energy tail of the spectrum. For the lower intensity shown in Fig. 1(a) , it amounts to about 20 percents for harmonics still having a significant intensity (see Fig. 1(c) ). For the high intensity case depicted in Fig. 1(d) , the discrepancy is of orders of magnitude and the different asymptotic behavior for ω → H is manifest. One may see that according to the SC model, s asymptotically increases, while the WKB model predicts a finite cutoff. The cutoff value is s c ≈ 2550, in agreement with the theoretical estimation of Eq. (9). The physical meaning is that in a REF, higher amount of energy would be depleted from the external field as compared to the same emission in a PW. Furthermore, since the difference between the absorbed laser energy sω and the emitted photon energy ω is converted to the kinetic energy of the electron, it implies that for the PW the emission is accompanied by higher electron acceleration.
The gap between harmonics ∆ω s for the various approaches, as well as the spectral width of the angle-integrated spectrum associated with the WKB and PW harmonics (defined such that 2/3 of the energy is contained within this width) are shown in Fig. 1(b,e) . Note that the angle-integrated SC harmonics have no width, as shown analytically above. First, one may observe that the gap changes only slightly for the WKB, but decreases significantly for the SC (40 and 1.4 times for the high and low intensity respectively). Second, the WKB harmonics width is significantly lower than the gap, implying that they may be regarded as discrete. The PW width, however, is always much higher than the gap, so that the angle-integrated spectrum is continuous and the harmonics cannot be distinguished. Thus, the quantum mechanical calculation of emission corresponding to two distinct field configurations yields different results, even though the associated classical trajectories are similar. In other words, when the condition pointed by us above, γ 1 + ξ, is violated, the classical trajectory does not solely determine the emission, but rather the dispersion relation of the external field photons plays a role as well.
The angle-integrated spectral intensity of harmonics is presented in Fig. 1(c,f) . The PW and SC curves coincide, as in Fig. 1(a,d) . One can see that the high energy WKB harmonics are stronger than the SC ones (40 and 1.4 times for the high and low intensity respectively). This figure shows also the normalized harmonics density m/∆ω s . The latter indicates clearly that for the SC the harmonics density is much higher. In other words, the WKB exhibits distant and intense harmonics, while the SC predicts weak and spectrally dense ones. Averaging the discrete harmonics (i.e. dividing their power by ∆ω s ), one obtains exactly the same spectrum for all models, coinciding with the CCF prediction as well. The equivalent total energy may be intuitively explained as follows. From Eq. (10) it follows that for a single cycle pulse the quantum and SC method should yield exactly the same spectrum. The transition from a single cycle to a periodic pulse gives rise to the concentration of the emitted energy in discrete harmonics (which are different for the two models as seen above) but does not change the total energy, see [53] .
Concluding, we show that the well-known Baier-Katkov SC formula for radiation of relativistic electrons is valid only when an additional condition of γ 1 + ξ is fulfilled. Considering a particular case γ = ξ 1 when the additional condition is violated, discrepancy between the SC and quantum spectral harmonic structure is demonstrated, whereas the harmonic-averaged spectrum remains equivalent. In particular, the quantum calculation predicts a maximal value for the possible number of absorbed photons, while according to the SC model it is unlimited. Furthermore, comparing the quantum calculations corresponding to the REF and PW, it was observed that two various field configurations with the same classical trajectory may result in different emission characteristics due to different dispersion relations of the strong field photons.
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where is explicitly written. The vector potential corresponding to a rotating electric field, as defined in the main text, reads A µ = a a(0, 0, 1, 0) are the polarization vectors. We employ the leading order WKB method, i.e. we seek for a solution of the form
Substituting (2) into (1), neglecting the second order terms in and equating the coefficients of each power to zero, one finds
where p µ is the initial momentum and S 0 is the classical action, as expected. From now on the will be omitted. Accordingly, the approximated wave function reads
In principle, a factor of 1/ √ V should be introduced, where V is the normalization volume. However, since it cancels out in the rate calculation detailed below, it will be omitted from now on. Notice that for a general EM field configuration, the classical action and trajectory cannot be found analytically and therefore the WKB is not beneficial. In our case, however, the classical motion admits an analytical solution.
The transition amplitude for the leading order nonlinear photon emission, depicted as a Feynmann diagram in Fig.1 , is given [1] by
where the * symbol stands for a complex conjugate. Substituting the wavefunction (2) leads to where P µ (t) is the kinetic momentum and the argument reads
It follows from the delta function in (6) that the initial momenta of the in-coming and out-coming particles are related through p = p − k . As a result, from P(t) = p − eA(t) it may be deduced that P = P − k . Since the temporal component of µ vanishes, we have
where the orthogonality relation · k = 0 was used. Finally, one obtains
where p c ≡ p − p − k and
RATE CALCULATION
The transition amplitude is related to the emission probability P through [3] 
The squared transition amplitude (9) takes the form
Plugging (12) into (11) and taking advantage of the spatial δ function one arrives at
where θ and ϕ are the axial and azimuthal angles corresponding to the out-coming photon. The volume V is cancelled with the normaliztion factor of the wavefunctions included in T f i . Squaring T f i yields
where the matrix element and the δ function argument, respectively, are defined as
and
τ is the interaction time which goes to infinity since we assume that the pulse is very long. Introducing the probability per time unit, W ≡ lim τ →∞
Notice that owing to the azimuthal symmetry, the transition amplitude does not depend on ϕ, so it can be integrated out. Employing the relation between the intensity and the probability per unit time, namely dI s = ω s dW s , leads to the final result
MATRIX ELEMENT CALCULATION
SC approach
The semi-classical matrix element is defined in the main text by
where the periodic part of the SC argument is
Without loss of generality, we consider a photon emitted in the x − z plane, i.e. with ϕ = 0. Hence, k · x(t) = ω s x(t) sin θ where x(t) is the x component of the trajectory. It is given by x(t) = ξ ω 1+ξ 2 sin(ωt). In addition, as shown in the main text, the relation between the harmonic index s and the emitted photon energy reads
Substituting Eq. (21) as well as x(t) into (20) we obtain
where we have defined
Since P µ = (H, mξ cos(ωt), mξ sin(ωt), 0), the matrix element reads
where
The coefficients B, B 1 , B 2 are defined as
where φ = ωt. Recalling the integral definition of the Bessel function J s one may write
Due to the Ward indentity [3] , the sum over the photon polarizations is given by
Employing (24-29) we obtain
The final result is very similar to the matrix element corresponding to a circularly polarized plane wave, as obtained by Ritus and Nikishov [4] (see also the plane to take advantage of this analogy we recall one of the Fourier transform features. Let us consider a function q(l) which is non-vanishing only in the interval 0 < l < L. Its Fourier transform reads
Now we use q(l) to define a periodic function
where designates the flooring function. The Fourier transform of the new function is therefore
Namely, the transition from a single to periodic function induced "roaming" of the spectral energy to discrete frequencies (harmonics) without changing the average energy. In order to observe it explicitly, let us consider the enrgy contained in the interval v j < v < v j+1 The same reasoning applies in our case, given that the functions ω 3 and f (t, ω ) are slowly varying envelope functions which stay almost constant on the frequency scale of the above mentioned "energy roaming", i.e. ω → ω + ∆ω s . Since ∆ω s ≤ ω, as demonstrated in Fig. 1(b,e) in the main text, and for ξ 1 corresponding to ω ω, this condition is satisfied and hence one should expect the harmonic-averaged spectrum to be equivalent to the single cycle one. The same argument applies for the SC case, so that its harmonic-averaged spectrum recovers the single cycle one. Finally, since the WKB and SC single cycle spectrum is equivalent, as established above, one may deduce that the harmonicaveraged spectrum of the WKB and SC approaches coincide as well. Fig. 3 shows the harmonic-averaged spectrum of the WKB and SC models, as well as the PW and CCF spectrum. One may see that all expressions coincide to a very good approximation.
